1. Let us consider the set of polynomials /(z) of degree n satisfying the condition |/(z) | ¿ 1 on a given closed set E. What can then be said about |/(z) | on another given closed set £'?
The maximum of |/(z) | on E' for the set of all polynomials defined by the inequality mentioned is a number mn = m"iE, E') which depends on n and also on the mutual position of E and E'. It is of course an invariant with respect to translation and rotation. Obviously w" = l if E' is a subset of E. For the sake of simplicity we further assume that E and E' are closed regions bounded by rectifiable Jordan curves C and C In case C has some points exterior to C, the exact determination of mn seems to be rather difficult. The asymptotic calculation for large values of n, however, is possible. Fekete [l ] has shown the existence of (1) lim (mn)xln = p.
n-»»
Here the number p can be characterized by means of the conformai and oneto-one representation of the region exterior to C onto the region exterior to a circle in the w-plane, z= °° corresponding to w= <*>. The points of C outside of C have some correspondents in the w-plane. The greatest distance oí these from the center of the circle, divided by the radius of the circle, is equal to p.
2. An analogous problem can be proposed if the maximum value of |/(z) | on C is replaced by its "mean quadratic value," WJ/(z)N4U2;
here C is supposed to have the length 7 A similar definition of the deviation on C may be used. The corresponding maximum Mn = MniC, C) depends again on the mutual position of C and C. On introducing the normalized orthogonal polynomials \q*(z) ] associated with the curve C [8] it can be easily shown that * Presented to the Society, April 10, 1936; received by the editors February 24, 1936.
provided that the variables x, satisfy the condition X^=oI x>12 = 1 (or =!)• In other words, A7n2 is the greatest characteristic value of the Hermitian form on the right side of (2). Here I' denotes the length of C. 3. In the present paper we shall not enter into the details of this general problem. [The answer which can be expected is, incidentally, the same as in (1) .] Only a special case shall be treated here, in which C is the real interval -1, +1 (actually a limiting case of a Jordan curve) and C the unit circle with the origin as center. We derive then, for the corresponding number M" the following asymptotic expression :*
It can be easily shown, that in this case p = 21,2+1, p having the same meaning as above. Another formulation of this result is: Let X" be the smallest characteristic value of the quadratic form In a letter on November 19, 1935, Professor Tamarkin proposed the problem of determining an asymptotic expression for these numbers X". I dealt with this question several years ago in connection with some investigations about the so-called Hankel forms [7] . I found at that time instead of (5), the less sharp result (18) of Part I. The letter of Professor Tamarkin gave me the opportunity to attack this problem again and to obtain the more exact formula (5) as well as the subsequent related results.
The reader may be interested in the facts previously known about the form (4). Hilbert [3] obtained an explicit expression for its determinant (1!2! • • • «!)" (6) £>" = 2"<B+1)- if rc-> oo. It would be extremely interesting to find a simple way of describing asymptotically the distribution of all characteristic values of this form for large values of n.
4. If the range ( -1, +1) is replaced by another segment, similar results are valid; the asymptotic behavior of the numbers corresponding to X" depends, of course, on the situation of this segment. For instance, in case of the form (7) f (Xo + Xit + X2t2
we obtain for the smallest characteristic value
[We have in this case p = (21/2+l)2.] The greatest characteristic value tends here to tt. 6. In Part I we start with the discussion of the form (4) proving that X"~w1/2(21/2 -l)2n. We give in Part II the proof of the sharper formula (5). In Part III the analogous treatment of the form (7) follows. Finally, we discuss the forms (9) and (10), giving the proof of (11). The formulas (5) and (8) are connected with asymptotic properties of Legendre polynomials; in cases (9) and (10) we need some asymptotic properties of Hermite and Laguerre polynomials.
Part I 
where the integral is taken in negative sense along a closed curve enclosing the segment ( -1, +1) but not the point z. The left-hand member is indeed regular in the cut plane and vanishes for z=°°. By z+(z2 -1)1/2 we mean that branch of the function which is °o for z = oo. For this branch |z+(z2-1)1/2| >1 in the cut plane and =1 on the cut itself.
Thus we get -(1 -X-2")2 I I z + (z2 -l)1'2!2"^.
J y
According to (17) the last expression is >cra_1/2 (21/2+l)2", where c>0 is independent of n. Thus we have shown Kp, = I q^iz)q,iz)dp, = i>i* According as ra is even or odd, Legendre polynomials are even or odd functions, so that KßV =0 if p-v is odd. Furthermore, the term z"-2* in P"(z) has the sign ( -1)*; consequently K", is real and has the sign ( -1) (*-»>'*-0*»O«-»>/» if p -v is even. Thus the maximum problem (19) can be separated into the two independent problems Here z lies in the complex plane cut along the segment ( -1, +1 ). The ratio of the expressions in (22) tends to 1 uniformly in every closed region having no points in common with the segment ( -1, +1) . Let w be a fixed positive integer, n-» oo. We confine ourselves to the values of u and v characterized by the conditions
Denoting again by y, as in Part I, the arc7r/2 -e^(p^.ir/2 + e and using (16), we have for z = ei* =ie{*',
and therefore In view of (25') we obtain for this expression n == <r2Z K"K" = cr2{ £ A%"}2 = X) ÜT"
21'47r-1/2ra-1/2(21/2 + l)2n+1 ¿ (21'2 + l)2*-2*1.
p=n-w »*=n
Since the number w is arbitrarily large the asymptotic value of the first maximum (21) is given by the right-hand member in (26). The second maximum is obtained by replacing here w by ra -1 ; the result is of lower order than the preceding one which therefore furnishes the asymptotic evaluation of (19).
Part III
The treatment of the form (7) does not present new difficulties. Using notations analogous to those employed in Part II, it is sufficient to point out only the essential differences.
The orthogonal polynomials belonging to the interval (0, 1) are
Hence we obtain
= />■> Since sgn P"w ( -1) = ( -l)n~* we easily see that K», is real and has the sign (-1)"-'. The inequality (25) holds again.
In this case, z = ei*,
and this value is attained for z = -1. Thus the main part of our integrals is given by the arc -ir -e^<p?¿ir + e. We need therefore, the development of 
16
This yields under the condition (31) n -co ^ p, v ;£ n the asymptotic formula
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For the values (31) the asymptotic formula (25') holds again, with ( -1)<*•-»)/* replaced by (-1)""'.
Consequently, by means of an argument similar to that used in Part II, we obtain for 2irX¿"1 = maxXI K^x^x,, /Z\ x>\ = 1| 
